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Fluctuations are strong in mesoscopic systems and of particular importance for the description
of transport. Here, we show that they can be considered as one resource for the operations of
open quantum systems as functional devices. We derive the statistics of the thermal transistor
amplification factor and refrigerator efficiency under the Gaussian fluctuation framework. Universal
statistical properties of the stochastic thermal transistor and “cooling by heating“ effect are clearly
shown in the linear response regime. Moreover, the bounds of the amplification average efficiency
based on elastic and inelastic scattering mechanism are described constraint by the second law
of thermodynamics. The underlying physics are elaborated by including the double-quantum-dot
three-terminal phonon-thermoelectric engine.
PACS numbers: 05.70.Ln, 84.60.-h, 88.05.De, 88.05.Bc
I. INTRODUCTION
The conduction of energy and charge are two funda-
mental phenomena in mesoscopic physics[1–5]. How-
ever, the literature of mesoscopic physics has never
treated them equally. Charge transport has hitherto at-
tracted the majority research attention [6–8], whereas
heat transport is much harder to measure in experi-
ments. With the recent development of experimental
technology[9–11], the measurement of heat and local tem-
perature at nano- and micro-scales becomes available.
Moreover, energy transport is much more complicated
than charge transport. Charge conduction is carried by
electrons[12, 13], while energy conduction can be car-
ried by electrons[14, 15], phonons[16–18], electron-hole
pairs[19, 20], and other neutral collective excitations[21].
Heat conduction through these bosonic collective exci-
tations largely enriched the underlying physics of energy
transport. Surprising heat transport and dissipation phe-
nomena have been observed recently in graphene[22] and
in quantum Hall systems[23–25]. Theories are still un-
derdeveloped to embrace the rich features in heat trans-
port, although the past decade has witnessed the rising of
thermal physics, yielding new concepts such as thermal
transistor and the “cooling-by-heating“ effect.
∗ wangchen@zjnu.cn
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Meanwhile, the rise of mesoscopic thermoelectrics has
partially revived the study on heat transport in meso-
scopic systems[26–30]. Thermoelectric effect, which en-
ables the conversion of heat into electricity and vice versa,
can be exploited to harvest waste heat and covert the
heat to useful electric power[31–34]. Highly efficient ther-
moelectric devices require salient control over heat and
charge conduction. With the knowledge of mesoscopic
physics, it may be possible to harness heat and charge
conduction in unprecedented ways. However, heat trans-
port due to bosonic collective excitations has been lack
of exploration together with electronic heat conduction
in mesoscopic systems.
In this work, we present a generic theoretical frame-
work for mesoscopic heat transport which treats elec-
tron and bosonic collective excitations in an equal-footing
manner. This allows us to classify energy transport pro-
cesses in mesoscopic multiterminal systems as elastic and
inelastic transport processes[35]. We show that the fun-
damental probability and energy conservations are ful-
filled in different manners in these two categories, lead-
ing to distinct bounds on the linear thermal transport
coefficients. Particularly, in multi-terminal mesoscopic
systems, the bounds on the thermal transport Onsager
matrix for elastic transport is much stronger than that
for the inelastic transport. Moreover, for three-terminal
systems such strong bound forbids thermal transistor
effect and “cooling-by-heating effect“ to appear in the
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2linear-transport regime. While for inelastic transport
class, all transport phenomena allowed by the laws of
thermodynamics but beyond such a strong bound can
be realized, due to the existence of cooperative energy
exchange among multiple reservoirs. We further extend
such conclusion to multi-terminal systems where decom-
positions into hierarchical cooperative transport effects
are illustrated. Finally, we reveal the universal fluc-
tuations of Brownian thermal transistors in the linear-
response regime.
II. ELASTIC AND INELASTIC CLASSES
Generally, thermal transport in multi-terminal systems
at nanoscale can be modeled in Fig. 1(a), which is driven
by thermodynamics bias (e.g., temperature gradient or
voltage bias). The steady state transport is character-
ized by the constant electronic heat currents (Jm(E))
and bosonic heat currents (Im(ω)) which flow into the
mth reservoir. During the nonequilibrium exchange pro-
cesses, there exist two main classes: i) elastic and ii) in-
elastic transport. And both elastic and inelastic classes
contribute to thermal transport[35, 36].
Specifically, the current densities contributed by elastic
(’el’) processes is expressed by the seminal Landauer’s
formula[37, 38]
jelm(E) =
∑
n 6=m
T en→mfm(E)− T em→nfn(E), (1a)
ielm(ω) =
∑
n6=m
T bn→mNm(ω)− T bm→nNn(ω). (1b)
where Tmn = |Smn|2 is the transmission function
with Smn the scattering amplitude via the scatterer in
Fig. 1(b), fm = {exp[βm(E − µm)] + 1}−1 is the Fermi-
Dirac distribution function with βm ≡ 1/kBTm the in-
verse of temperature Tm in the mth fermion bath and
µm the corresponding chemical potential, and Nm =
[exp(βmω)− 1]−1 is the Bose-Einstein distribution func-
tion in the nth boson bath. Moreover, the probability
conservation requires that
∑
n T en→m =
∑
n T em→n = 1[4].
Then, based on the standard Landauer-Bu¨ttiker theory,
the electronic and bosonic heat currents are shown as
Jelm =
1
h
∫ −∞
−∞
dE(E − µ)jel(E)m ,
Ielm =
1
h
∫ −∞
−∞
dωωielm(ω),
(2)
respectively. From Eq. (2), it is known that elastic cur-
rents (i.e. Jelm and I
el
m ) are dominated by two-terminal
nonequilibrium processes.
Bath 1
𝑖1 𝜔1
𝑗1 𝐸1
Bath 1 Bath 2Bath 1 Bath 2
(a) (b)
(c) (d) Bath 3
FIG. 1. (a) Schematic illustration of the multi-terminal en-
ergy device. The scattering region is connected to different
reservoirs, each of these is able to exchange heat with the
system. (b) The boundary of the Onsager coefficients. The
shaded blue area represents the broadening of the inelastic
case, the shaded red area represents the broadening of the
elastic case. (c) Illustration of possible elastic transport pro-
cesses. (d) Illustration of possible boson-assisted inelastic
transport processes.
While for the inelastic transport, it is jointly con-
tributed by multi-terminal processes. The typical real-
ization is the three-terminal nano-device. It is interest-
ing to note that the inelastic current densities into these
terminals are the same. Specifically, inelastic heat cur-
rents into three terminals are expressed as by following
the Fermi-Golden rule[27, 39]
jin(E1, ω3) = Cinf1(E1)[1− f2(E1 + ω3)]N3(ω3)
− Cinf2(E1 + ω3)[1− f1(E1)][1 +N3(ω3)].
(3)
where the transition coefficient Cin =
2pi
~2 |vin|2ρin(E1, E2, ω3)T1T2T3 with Tu (u = 1, 2, 3)
is the probability for electrons/bosons to tunnel from
the uth lead into the scatterer, vin is the electron-boson
interaction, and vin is the density of states. Therefore,
inelastic heat currents into three terminals are expressed
3as
J in1 =
∫∫
dE1dω3(E1 − µ1)jin(E1, ω3), (4a)
J in2 =
∫∫
dE1dω3(E1 − µ2 + ω3)jin(E1, ω3), (4b)
Iin3 =
∫∫
dE1dω3ω3jin(E1, ω3), (4c)
We should note that expressions of heat currents for
the elastic and inelastic transport at Eq. (2) and Eq. (4)
are generally valid both in far-from equilibrium and
linear-response regimes. Next, we focus on the thermal
transport in linear thermodynamics based with the three-
terminal setup.
III. BOUND OF ONSAGER COEFFICIENTS IN
LINEAR THERMODYNAMICS
Typically, for a scatterer interacting with three reser-
voirs, we have three heat currents, respectively. However,
due to the energy conservation (I3 +
∑
m=1,2 Jm = 0), we
are left with two independent heat currents, e.g., J1 and
I3. The transport equation of heat currents can be ex-
pressed as[40](
J1
I3
)
=
(
K11 K12
K12 K22
)(
T1−T2
T2
T3−T2
T2
)
, (5)
where K11(22) and K12 are the diagonal and off-diagonal
thermal conductance, which was originally derived based
on the Onsager theory, and |T1(3) − T2|  T2. Then, we
describe the bounds of Onsager coefficients in elastic and
inelastic scattering mechanisms separately.
We firstly consider the generic elastic transport. The
elastic coefficients are specified as
Kelij =
〈
E2
〉
ij
Gelij (i = 1, 2, 3), (6)
where the average under the elastic processes is given
by[41]
〈O(E)〉ij =
∫
dEO(E)Gelij(E)∫
dEGelij(E)
, (7)
with the probability weight
Gel11(E) = (T12 + T13)f(E)[1− f(E)], (8a)
Gel12(E) = (−T13)f(E)[1− f(E)], (8b)
Gel22(E) = (T13 + T23)f(E)[1− f(E)]. (8c)
As the transmission probability Tij≥0 is positive, it is
straightforward to obtain the boundary of elastic trans-
port coefficients as
− 1 ≤ Kel12/Kel22 ≤ 0, −1 ≤ Kel12/Kel11 ≤ 0. (9)
The above expression is presented graphically in Fig. 1(a)
red shadow regime. It is consistent with the results in
Ref. [35], and directly arisen from the second law of ther-
modynamics.
While for the typical inelastic nano-device consisting
of three terminals, the Onsager coefficients are expressed
as
Kinel11 =
〈
E21
〉
Ginel11 , (10a)
Kinel12 = 〈E1ω3〉Ginel12 , (10b)
Kinel22 =
〈
ω23
〉
Ginel22 . (10c)
where the ensemble average under the inelastic processes
is carried out by
〈Q(E,ω)〉 =
∫∫
dEdωQ(E,ω)Ginel(E,ω)∫∫
dEdωGinel(E,ω)
, (11)
with Ginel = Cinf1(E1)[1 − f2(E1 + ω)]N3(ω). By
applying the Cauchy-Schwarz inequality
〈
E21
〉 〈
ω23
〉 −
〈E1ω3〉2 ≥ 0, it is interesting to find that inelastic trans-
port coefficients are bounded by
Kinel11
Kinel12
×K
inel
22
Kinel12
≥1. (12)
We have provided a universal description of linear elec-
tronic and bosonic transport in the three-terminal geome-
try. Remarkably, the two simple relationships Eq. (9) and
(12) hold for all thermodynamic systems in the linear-
response regime. The above two relationships bear very
important information on the thermoelectric transport,
which is one of the main results in the present work. Fig-
ure 1(b) represents them graphically. It is found that the
Onsager coefficient for elastic and inelastic classes have
dramatically different behaviors which is regardless of the
specific mesoscopic systems. Particularly, the inelastic
transport coefficient has a much loose bound. In the fol-
lowing, we will show that the inelastic thermal transport
in our geometry will realize an thermal transistor, as well
as the “cooling-by-heating“ effect.
4IV. UNIVERSAL BOUND OF HEAT
AMPLIFICATION
The quantum thermal transistor[42–46] and “cooling-
by-heating“ effect[47–50] were discovered in thermoelec-
tric devices within linear response regime. It was pro-
posed that the transport mechanism of inelastic scatter-
ing plays a crucial role to exhibit the heat amplification,
whereas the elastic scattering effect will never show such
amplification behavior[35, 36].
Recent proposals suggest the proper usage of nonlin-
earities of a mesoscopic system coupled to environmental
modes. A system usually is considered to be connected
to two terminals, source (left terminal) and drain (right
terminal), and an additional environment boson bath.
A temperature distribution Tj (j = L,R, ph) generates
quantum transport through the system. The aim is to
modulate the heat current following out from left termi-
nal IQL with a small modulation of the heat injected from
the boson bath IQph. This is usually done via inelastic
transitions in the system induced by fluctuations in the
environment. These can be controlled by tuning the tem-
perature Tph → Tph + ∆T with ∆T/Tph  1. Moreover,
the thermal transistor can control the heat flow in anal-
ogy to the usual electric transistor for the control of the
the electric current. A thermal transistor effect appears
whose amplification factor is defined as[35, 36, 51]
ξ =
∂TphI
Q
L
∂TphI
Q
ph
. (13)
where IQL (Tph = T ) is the heat current of the left lead,
IQph (Tph = T ) is the heat current of the boson bath, and
T is the equilibrium temperature of baths. Ref. [35] has
proposed a realistic and relatively simple setup for the
realization of transistors by exploiting phonon-assisted
hopping transport in double quantum dot systems in a
three-terminal geometry and found that a thermal tran-
sistor effect can develop in the linear-response regime.
Next we will show the universal bounds of the statistics
of stochastic thermal transistor within the three-terminal
setup.
We primarily analyze the heat amplification that by
modulating the temperature of the boson bath Tph, in
which the slight change of the boson current may dra-
matically modulate the current in the left or right elec-
tric lead. Following Eq. (13), the heat current am-
plification factor can be reexpressed as ξ = [Q
(1)
L −
Q
(2)
L ]/[Q
(1)
ph − Q(2)ph ], where Q(1)L(ph) = IQL(ph)(T + δT ) and
Q
(2)
L(ph) = I
Q
L(ph)(Tph = T ) with δT/T → 0. Apart
from the stochastic heat current, the average one Q
(i)
L(ph)
(i = 1, 2) can characterize our system in the linear-
response regime[35, 36, 40],(
Q
(i)
L
Q
(i)
ph
)
=
(
K11 K12
K12 K22
)(
A
(i)
L
A
(i)
ph
)
, (14)
Now we introduce the theory of large deviations to an-
alyze the statistics of the currents at long time within
the Gaussian approximation[52–57]. We begin to intro-
duce the probability distribution function of the stochas-
tic heat currents[58, 59],
Pi(Q
(i)
L , Q
(i)
ph) =
t
√
det(Kˆ−1)
4pi
× exp
[
− t
4
∆ ~QTi · Kˆ−1 ·∆ ~Qi
]
,
(15)
where det(Kˆ−1) is the determinant of the Onsager re-
sponse matrix Kˆ and the superscript ’T ’ denotes trans-
pose. While averaged quantities are represented with a
bar over the symbols throughout this letter, ∆ ~Q = ~Q− ~Q
represents fluctuations of the heat currents, where ~Q is
the average heat current and the is stochastic one. From
the probability distribution of stochastic heat currents
we calculate the distribution of transistor Pt(ξ) from
h(ξ) = − limt→∞ ln[Pt(ξ)]t the large deviation function of
stochastic thermal transistor is obtained (see Appendix
A)
h(ξ) =
(K12 −K22ξ)2∆A2ph
8(K11 − 2K12ξ +K22ξ2) . (16)
where we define ∆Aph = A
(1)
ph − A(2)ph .The large devia-
tion function for three-terminal system, Eq. (16), is an
another key expression in our work. Its shape can be
characterized by the following quantities: average tran-
sistor amplification ξ and the width of the distribution
around the average, σξ.
We begin with some general properties of the large de-
viation function of the stochastic transistor amplification
fluctuation. First, h(ξ) has only one minimum and one
maximum. Specifically, the minimum h(ξ¯) = 0 locates at
the average transistor amplification[35]
ξ =
K12
K22
, (17)
5(a) (b)
(c) (d)
FIG. 2. (a) ξ¯ and (b) σξ as functions of K12 and K22, where
K11 = 20, ∆Aph = 1. (c) ξ¯
′ and (d) σξ′ as functions of K11
and K12, where K12 = 20, ∆AL = 1. The white region is
forbidden by the thermodynamic bound.
which correspond to the maximal probability for the ap-
pearance of the amplification efficiency at Eq. (17). It
should be noted that ξ only relies on the general ex-
pression of the transport coefficients K12 and K22, see
Fig. 2(a). Specifically, for the elastic thermal transport,
ξel is always below the unit as −1 < K
el
12
Kel22
< 0. While for
the inelastic case with the constraint coefficients bound
at Eq. (12), the average efficiency is given by ξin <
∣∣∣Kin11Kin12 ∣∣∣,
which can be modulated in the regime ξin. Hence, the
stochastic transistor may work as
Kin11
Kin12
> 1. Moreover,
for the inelastic transport case, the Onsager coefficients
are constraint by the second law of thermodynamics,
K11K22 − K212 ≥ 0. Therefore, the the bound of am-
plification average efficiency is given by 0 < ξ <∞ (blue
shadow regime in Fig. 1(b)).
The width of the distribution around the average tran-
sistor amplification factor ξ, which is another key char-
acteristic of transistor amplification fluctuations. Specif-
ically, expanding h(ξ) around its average ξ, h(ξ) '
1
2σ2ξ
(ξ − ξ)2 + O((ξ − ξ)3), the amplification fluctuation
is obtained as
σξ =
2
√
K22(K11K22 −K212)
K222∆Aph
, (18)
which obeys the bound of the Onsager coefficients
K11K22 − K212 ≥ 0 and K22≥0[40]. The equality is
reached as the fluctuation width completely vanishes.
Obviously, when this equality is reached, the total en-
tropy production rate of the system in the linear-response
regime dSdt ≡ 0, i.e., the system is in the equilibrium
state[14]. The width σξ is plotted at Fig. 2(b) where the
white color regime is forbidden according to the second
law of thermodynamics. By fixing the off-diagonal coef-
ficient K12, σξ is found to be small when K22 is large
(σξ≈2
√
K11/(K22∆Aph)), which corresponds to the low
amplification average efficiency ξ1. While the fluctua-
tion becomes strong as K22 is tuned down, by approach-
ing to the thermodynamic reversible bound.
The three terminals are equivalent for the modulation
of the thermal transistor. In addition to the boson bath
discussed above, as a comparison, we also study that the
thermal transistor is optimally manipulated by the left
electronic lead temperature TL, i.e., ∆Aph = 0. The heat
current amplification factor is similarly defined by
ξ′ =
∂TLI
Q
L
∂TLI
Q
ph
. (19)
And we can obtain the large deviation func-
tion of stochastic thermal transistor h(ξ′) =
(K12−ξ′K11)2∆A2L
8(K22−2ξ′K12+ξ′2K11) , where ∆AL = A
(1)
L − A(2)L .
As ξ′ → ∞, we have h(ξ′ → ∞) = 18K11∆A2L, which
corresponds to Eq. (16). For the system under TL
modulation, the average transistor amplification factor
is given by
ξ
′
=
K12
K11
, (20)
and the amplification fluctuation is
σξ′ =
2
√
K11(K11K22 −K212)
K211∆AL
. (21)
It is interesting to find the relationship between Eqs. (17)
and (20),
ξin×ξ
′
in = 1, (22)
at the thermodynamic bound K11K22−K212 = 0. Figure
2(c) and 2(d) demonstrate the thermal transistor modu-
lated by the source temperature TL behaviors: the aver-
age amplification efficiency ξ
′
only relies on the general
expression of the transport coefficients K11 and K12, and
it reaches its maximum when K11 tends to zero. The
6width of the distribution σξ′ is plotted in Fig. 2(d) where
the white region is forbidden by the second law of thermo-
dynamics according to Eq. (12). It is small when K12 is
small and K11 is large, corresponding to the average am-
plification efficiency ξ
′
. Approaching the inelastic trans-
port boundary K11K22 = K
2
12, we find that σξ′ →∞ for
K11 → 0.
From the above discussion, we can find that the three-
terminal system can be operated as an excellent ther-
mal transistor no matter which heat bath is manipulated.
The control of mesosocopic fluctuations allows for huge
heat amplification factor in the both cases. Controlla-
bility makes the operation easily exportable to different
kinds of systems and interactions.
V. “COOLING-BY-HEATING“ EFFECT
This section is devoted to the manifestation of the in-
elastic process and the second law of thermodynamics in
the three-terminal systems. Usually the second law is
expressed in a two-terminal fashion. For example, Clau-
sius’s statement: “No process is possible whose sole re-
sult is the transfer of heat from a body of lower tempera-
ture to a body of higher temperature“. For three-terminal
systems the second law of thermodynamics has a more
complex face where some counterintuitive effects can be
allowed. For example, in the “cooling-by-heating“ effect
where two hot reservoirs can cool a cold one without
changing the rest of the world[47, 48]. The “cooling-
by-heating“ effect in quantum systems can be under-
stood that as the quantum device is driven by the ex-
ternal work, the heat is extracted from the cool bath
and absorbed by the hot bath [see Fig. 3(b)]. Recently,
the cooling-by-heating are analyzed in photovoltaic, op-
tomechanic systems, which exploit the refrigeration by
photons[47, 48].
Here, we show that the three-terminal thermoelectric
system can also be tuned to be a refrigerator[60–65]. As
shown in Fig. 3(a), under the influence of the refrigerator,
the left reservoir (source) may be cooled. The cooling
efficiency is defined as η = Q˙
W˙
= QLQph . In the linear-
response regime, the scaled large deviation function of
stochastic efficiency[66–69] is (see Appendix B)
g(η) =
[1− βη + (α− η)d]2
4[α+ η(−2 + βη)](αd2 + 2d+ β) , (23)
(a)
Boson 
bath
𝑇𝑝ℎ
𝑄𝑝ℎ
𝑄𝐿 𝑄𝑅
Quantum
system
(c)
hotcold
cold hot
heat
heat
(b)
(d)
FIG. 3. (a) Schematic illustration of the three-terminal en-
ergy device. The quantum system is connected to two elec-
tronic reservoirs (source and drain) and boson bath. The
temperatures and chemical potentials of two electric reser-
voirs are µL(R) and TL(R), respectively. The temperature of
boson bath is Tph. Qi (i = L,R, ph) represents the heat cur-
rent following into the quantum system. (b) The up-panel:
in a two-terminal system the second law of thermodynamics
forbids the heat flow from the cold terminal to the hot one.
The down-panel: a cold reservoir is cooled by two hotter ones,
i.e., “cooling-by-heating“. This process is allowed by the sec-
ond law of thermodynamics and hence it can happen without
changing the external world. (c) g(η) as a function of η for
different β, where α = 1.0, d = 0. (d) g(η) as a function of η
for different β, where α = 1.0, d =∞.
with dimensionless parameters
α =
K11
K12
, β =
K22
K12
, d =
AL
Aph
, (24)
and the thermodynamic forces are AL = (TR − TL)/T
and Aph = (Tph − TL)/T , respectively.
In Fig. 3(c) and 3(d) we illustrate the rich behavior
of g(η) at various conditions: (i) d = 0, (ii) d = ∞.
Note that the g(η) is always bounded 0 and 14 . When
d = 0 (i.e., TL = TR), the large deviation function g(η)
experiences a sharp transition for η → 0 and it behaves
like a derivative of the Dirac delta function. The upper
bound of g(η) is reached at the |η| > 2. In contrast, we
find that only when η ≈ 0 the g(η) reached 14 for d =∞
7(i.e., TL = Tph). Moreover, when the efficiency |η| > 2,
the large deviation function of stochastic efficiency tends
to steady.
(a) (b)
FIG. 4. (a) η¯ and (b) ση as functions of α and β, where
d =∞. The white region is forbidden by the thermodynamic
bound.
The minimum of g(η¯) = 0 is reached at the average
efficiency
η¯ =
αd+ 1
d+ β
. (25)
The working regime of the refrigerator can be obtained
as (αd + 1)(d + β) > 0, as shown in Fig. 4(a). Specifi-
cally, as TL = TR (d = 0) the average efficiency is sim-
plified as η1 = K12/K22. While as TL = Tph (d = ∞),
the average efficiency becomes η2 = K11/K12. Then, we
discuss the behavior of cooling efficiency in elastic and
inelastic, separately. For the elastic thermal transport,
it is known that the Onsager coefficients are bounded as
−1 < K12/K22(11) < 0. Hence, there is no “cooling-by-
heating“ effect in the elastic transport (η1(2) < 0). While
for the inelastic thermal transport, the bound of the co-
efficients is given by K212/K11K22 < 1. It is interesting to
find that cooling efficiencies are restricted by η1×η2 < 1
Moreover, both two cooling efficiencies range from 0 to
∞.
The fluctuating width of the average efficiency, ση, is
another key characteristic of cooling efficiency. By ex-
panding h(η) = 0 around its minimum η, we obtain
ση =
(d+ β)2
(αd2 + 2d+ β)
√
2(αβ − 1) . (26)
Figs. 4(b) illustrates the behavior of the width of cooling
efficiency distribution ση the condition of d =∞. Specif-
ically, as d = 0 the width is reduced to ση =
β√
2(αβ−1) .
While as d =∞, it is given by ση = 1√
2(αβ−1) . We see in
this figure that the ση reaches the maximum under the
limit condition, (αd+ 1)(d+ β) = 0.
We conclude this section emphasizing central observa-
tions: the statistics of cooling efficiency can reveal in-
formation on the three-terminal thermoelectric system,
and the average efficiency and its fluctuation reach the
optimal values at the limit of the second law of thermo-
dynamics and further characterize the properties of the
system, as expected.
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Drain
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γR 
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FIG. 5. (a) Scheme of a double-quantum-dot device that
can serve as a thermal transistor. The QDs are embedded
in the nanowire and are controlled by gate voltages: l and
r control the local potentials, and t tunes the tunneling be-
tween the QDs. The two electrodes, L and R, apply voltage
and temperature biases across the QDs. The insulation layer
suppresses the thermal contact between the metal electrodes
and the substrate, which provides thermal energy to phonons.
(b) Illustration of the three-terminal inelastic transport. An
electron left the source into the first QD (with energy El)
hops to the second QD (with a different energy Er) assisted
by a phonon from the phonon bath (with temperature Tph).
Tunneling rates between the dots and the electron leads (γL
and γR) and in between the dots (t) can be tuned via gate-
controlled tunnel barriers. The electron then tunnels into the
drain electrode from the second QD. Such a process gives in-
elastic charge transfer from the source to the drain assisted by
the phonon from the phonon source. Both the process and its
time reversal contribute to the inelastic thermoelectricity in
the system. The electrochemical potential and temperature
of the source (drain) are µL and TL (µR and TR), respectively.
VI. INELASTIC THERMOELECTRIC
TRANSISTOR IN THREE-TERMINAL
DOUBLE-QUANTUM-DOT SYSTEM
We exemplify our analysis within a mesoscopic dou-
ble quantum dots (QDs) thermoelectric device under
the time-reversal symmetry. A typical inelastic thermo-
electric device consisting of three terminals: two elec-
8trodes (the source and the drain) and a boson bath
(e.g., a phonon bath). The device is schematically de-
picted in Fig. 5(a) and explained in the caption. The
phonon-assisted hopping inelastic transport is illustrated
in Fig. 5(b) and explained in the caption. In phonon-
assisted hopping transport, the figure of merit is limited
by the average frequency and bandwidth of the phonons
(rather than electrons) involved in the inelastic trans-
port [35].
Specifically, the system is described by the Hamilto-
nian
Hˆ = HˆDQD + Hˆe−ph + Hˆlead + Hˆtun + Hˆph, (27)
with
HˆDQD =
∑
i=`,r
Eicˆ
†
i cˆi + (tcˆ
†
l cˆr + H.c.), (28a)
Hˆe−ph = λcˆ
†
l cˆr(aˆ+ aˆ
†) + H.c., (28b)
Hˆph = ω0aˆ
†aˆ, (28c)
Hˆlead =
∑
j=L,R
∑
k
εj,k cˆ
†
j,k cˆj,k, (28d)
Hˆtun =
∑
k
VL,k cˆ
†
` cˆL,k +
∑
k
VR,k cˆ
†
r cˆR,k + H.c., (28e)
where cˆ†i (i = `, r) creates an electron in the i-th QD
with an energy Ei, λ is the strength of electron-phonon
interaction, and aˆ†(aˆ) creates(annihilates) one phonon
with the frequency ω0.
This noninteracting model has been analyzed thor-
oughly in Ref. [39], to study transport coefficients and the
average efficiency. The inelastic contribution to the cur-
rents is calculated based on the Fermi golden rule as[35]
IQL = ElIN , I
Q
ph = (Er − El)IN . (29)
where IQL = ElIN and I
Q
ph = (Er − El)IN are the
heat currents following from the source and phonon
bath, respectively. The particle current IN =
Γl→r − Γr→l with Γl→r ≡ γe−phfl(1 − fr)N−p and
Γr→l ≡ γe−phfr(1 − fl)N+p . Here N±p = NB + 12 ±
1
2 sgn(Er−El) with the Bose-Einstein distribution NB ≡
[exp( |Er−El|Tph ) − 1]−1. The transition rate γe−ph =
ξ0
(
|Er−El|
ω0
)n
exp
[
−
(
Er−El
ω0
)2]
. Here ξ0 stands for
the electron-phonon scattering strength, n provides the
power-law dependence on phonon energy Er − El with
a characteristic energy ω0. We assume that the contact
between the source and the QD 1 and the contact be-
tween the drain and the QD2 can be made very good.
Under such conditions, we can approximate the distri-
butions on the QD1 and QD2 can be approximated as
fl ≈ [exp(El−µLkBTL ) + 1]−1 and fr ≈ [exp(
Er−µR
kBTR
) + 1]−1.
(b)(a)
(d)(c)
FIG. 6. (a) The average amplification efficiency ξ, (b) width of
transistor amplification factor distribution σξ, (c) the average
efficiency η, (d) the fluctuating width of the average efficiency
ση as the functions of QD energies El and Er. The parameters
are ξ0 = 0.1kBT , ω0 = 10kBT , n = 1, γl = γr = 0.02kBT ,
µL = µR = 0, t = 0.01kBT and d =∞.
With such a double QD device, the phenomenologi-
cal Onsager transport equation is written in the linear-
response regime as(
IQL
IQph
)
=
(
K11 K12
K12 K22
)(
TL−TR
T
Tph−TR
T
)
, (30)
where K11 =
∂IQL
∂TL
, K12 =
∂IQL
∂Tph
, and K22 =
∂IQph
∂Tph
in the
limit TL, TR, Tph → T .
It is interesting to find that a thermal transistor effect
can be realized in the linear-response regime[35]. The
average amplification efficiency of the heat current can
be obtained as
ξ ≡
∣∣∣∣∣ ∂TphI
Q
L
∂TphI
Q
ph
∣∣∣∣∣ =
∣∣∣∣K12K22
∣∣∣∣ = ∣∣∣∣ ElEr − El
∣∣∣∣ , (31)
which is clearly shown at Fig. 6(a). Remarkably, av-
erage amplification efficiency ξ > 1 is achieved with
|El| > |Er − El|, which is solely contributed by the in-
9elastic contribution. As shown in Fig. 6(b), for the am-
plification fluctuation σξ, the divergent behavior is ob-
served near the regime El≈Er, whereas it is strongly
suppressed at large energy bias |Er − El|. Moreover, if
we consider the complete contribution of the inelastic
electron-phonon scattering (e.g., t = 0) to the amplifi-
cation fluctuation, it is intriguing to obtain the general
condition as σξ ≡ 0, regardless of the quantum dot en-
ergy levels or electron-phonon coupling strength.
The “cooing by heating“ effect also can be realized
in this three-terminal double QDs system. The aver-
age cooling efficiency η and the fluctuating width of the
average efficiency ση as shown in Fig. 6(c) and 6(d).
We find that η is significantly enhanced at the regime
El ≈ Er, whereas η is suppressed. The maximum of
fluctuating width ση is obtained when El < 1.0kBT and
Er > 2.0kBT . Hence, the statistical influence of the
fluctuation on the effectiveness of “cooing by heating“
effect can be analyzed in the optimal system parameter
regimes.
VII. CONCLUSION
To summarize, in this work, we have focused on dis-
cussing the elastic and inelastic transport in the lin-
ear regime. We proposed a realistic and relatively sim-
ple setup for the realization of thermal transistor and
“cooling-by-heating“ effect by exploiting boson-assisted
hopping transport in this three-terminal geometry. We
also described the universal bounds of the average tran-
sistor and refrigerator amplification efficiency based on
the inelastic scattering mechanism, which is restricted
by the second law of thermodynamics.
We used the probability distribution function of the
heat currents to derive the fluctuation of the transistor
and refrigerator amplification efficiency and discussed the
general properties by modulating thermodynamic bias of
different terminals. We further examined the operation
of the three-terminal system as the thermal transistor
and refrigerator and showed that efficiency fluctuation
could reflect inelastic transport properties of open quan-
tum systems with multiple degrees of freedom.
It should be pointed out that our findings are based
on the time-reversal symmetry, and future work may in-
volve the broken time-reversal system beyond the linear-
response regime.
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Appendix A: Derivation of the probability
distribution function for thermal transistor
We begin by introducing the probability distribution
function (PDF) of the stochastic heat currents Q
(i)
L(ph),
(i = 1, 2)
Pi(Q
(i)
L , Q
(i)
ph) =
t
√
det(Kˆ−1)
4pi
exp
[
− t
4
∆ ~QTi · Kˆ−1 ·∆ ~Qi
]
(A1)
where det(Kˆ−1) is the determinant of the symmetric part
of the inverse of the Onsager response matrix Kˆ and
the superscript ”T” denotes transpose. While averaged
quantities are represented with a bar over the symbols
throughout this Letter, δ ~Q = ~Q − ~Q represents fluctu-
ations of the heat currents, where Q
(i)
L and Q
(i)
ph are the
average heat current and photonic current, respectively,
the Q
(i)
L and Q
(i)
ph are stochastic ones.
From the probability distribution of stochastic heat
currents we calculate the distribution of thermal tran-
sistor Pt(ξ)
Pt(ξ) =
∫
dQ
(1)
L dQ
(2)
L dQ
(1)
ph dQ
(2)
ph P1(Q
(1)
L , Q
(1)
ph )
× P1(Q(2)L , Q(2)ph )δ
(
ξ − Q
(1)
L −Q(2)L
Q
(1)
ph −Q(2)ph
)
.
(A2)
Replacing the stochastic heat currents with fluctuations
of the heat currents
Q
(i)
L −Q
(i)
L = ∆Q
(i)
L , Q
(i)
ph −Q
(i)
ph = ∆Q
(i)
ph. (A3)
So now we can rewrite the PDF of stochastic heat current
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as
Pt(ξ) =
∫
d(∆Q
(1)
L )d(∆Q
(2)
L )d(∆Q
(1)
ph )d(∆Q
(2)
ph )
× P1(∆Q(1)L ∆Q(1)ph )P2(∆Q(2)L ,∆Q(2)ph )
× δ
ξ − Q(1)L −Q(2)L +Q(1)L −Q(2)L
Q
(1)
ph −Q(2)ph +Q
(1)
ph −Q
(2)
ph
 .
(A4)
A direct calculation yields an expression
Pt(ξ) = C exp
[
[(K11 − ξK12)∆Aph + (K12 − ξK22)∆AL]2
8(K11 − 2ξK12 + ξ2K22)
]
,
(A5)
where we have defined ∆AL = A
(1)
L − A(2)L and ∆Aph =
A
(1)
ph − A(2)ph , C is a complex constant. Finally, the large
deviation function of stochastic thermal transistor is ob-
tained as
h(ξ) = − lim
t→∞
ln[Pt(ξ)]
t
=
[(K11 − ξK12)∆Aph + (K12 − ξK22)∆AL]2
8(K11 − 2ξK12 + ξ2K22) .
(A6)
(a) (b)
FIG. 7. (a) h(ξ) as a function of ξ for different K11 where
K12 = 1, K11 = 5 and ∆Aph = 10
−3. (b) h(ξ′) as a function
of ξ′ for different K11 where K12 = 1, K11 = 5 and ∆AL =
10−3.
We examine the efficiency statistic of Fig. 7(a) and
7(b) at different K11. We find that in the limit ξ → 0,
the large deviation function experiences a sharp tran-
sition. Therefore, both h(ξ) and h(ξ′) behaves like a
Lorentz function. When increasing the value of K11, the
broadening of h(ξ) and h(ξ′) grows, and as expected, the
h(ξ) and h(ξ′) becomes increasing unreliable. Moreover,
when the transistor amplification ξ tends to be large, the
deviation function h(ξ) and h(ξ′) gradually tends to be
same.
Appendix B: Derivation of the LDF for
“cooling-by-heating“ effect
The three-terminal device can be tuned to be a re-
frigerator, by exchanging temperatures of the electrode
and the boson bath, i.e., Tc = TL and TR = Th, with
Th > Tc. Then, the left reservoir can be cooled, and
heat QL is transferred to the boson reservoir. This is
“cooling-by-heating“ effect.
In the linear-response regime, the transport equations
are expressed as(
QL
Qph
)
=
(
K11 K12
K12 K22
)(
AL
Aph
)
, (B1)
where AL = (Th−Tc)/T and Aph = (Tph−Tc)/T . QL(ph)
represents average currents. The efficiency of refrigerator
is defined as η = Q˙
W˙
= QLQph .
We begin by introducing the probability distribution
function (PDF) of the stochastic heat currents[57]
Pt(QL, Qph) =
t
√
det(Kˆ−1)
4pi
exp
(
− t
4
∆ ~QT · Kˆ−1 ·∆ ~Q
)
,
(B2)
where ∆ ~Q = ~Q − ~¯Q, ~QT = (QL, Qph)T is the fluctua-
tions of heat current, ~¯QT = (Q¯L, Q¯ph)
T and det(Kˆ−1)
is the determinant of matrix Kˆ. The PDF of stochastic
efficiency is
Pt(η) =
∫ ∞
−∞
dQLdQphPt(QL, Qph)δ
(
η − QL
Qph
)
=
∫ ∞
−∞
dQph|Qph|Pt(ηQph, Qph).
(B3)
After calculating we get
Pt(ηQph, Qph) =
t
√
det(Kˆ−1)
4pi
× exp
[
− t
4
[a(η)Q2ph + 2b(η)Qph + c]
]
(B4)
with
a(η) =
(K11 − 2K12η +M22η2)
det(Kˆ)
, (B5a)
b(η) =
[K12Q¯L −K11Q¯ph − η(K22Q¯L −K12Q¯ph)]
det(Kˆ)
,
(B5b)
c =
(K22Q¯
2
L − 2K12Q¯LQ¯ph +K11Q¯2ph)
det(Kˆ)
. (B5c)
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The full probability distribution of the stochastic effi-
ciency is now found to be
Pt(η) =
√
det(Kˆ−1) exp(−t/4)
2pia(η)
√
a(η)
× [b√pit exp
(
b2(η)t
4a(η)
)
+ 2
√
a(η)− b√pit exp
(
b2(η)t
4a(η)
)
erf
(
b(η)
√
t
2
√
a(η)
)
].
(B6)
The large deviation function of stochastic efficiency is
obtained from g(η) = − limt→∞ ln[Pt(η)]tS¯tot
g(η) =
[(K11 −K12η)AL + (K12 −K22η)Aph]2
4S¯tot[K11 + η(−2K12 +K22η)] ,
(B7)
where S¯tot = QLAL + QphAph. By substituting the fol-
lowing parametrization,
α =
K11
K12
, β =
K22
K12
, d =
AL
Aph
. (B8)
we find that
g(η) =
[(α− η)d+ (1− βη)]2
4[α+ η(−2 + βη)](αd2 + 2d+ β) . (B9)
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